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E-mail address: fahmi.zairi@polytech-lille.fr (F. ZaEstablishing structure–property relationships for nanoparticle/polymer composites is a fundamental task
for a reliable design of such new systems. A micromechanical analytical model is proposed in the present
work, in order to address the problem of stiffness and yield stress prediction in the case of nanocompos-
ites consisting of silica nanoparticles embedded in a polymer matrix. It takes into account an interphase
corresponding to a perturbed region of the polymer matrix around the nanoparticles. Its modulus is con-
tinuously graded from that of the silica nanoparticle to that of the polymer matrix. Considering the thick-
ness of the third phase as a characteristic length scale, the inﬂuence of particle size on the overall
nanocomposite behaviour is examined. The key role of the interphase on both the overall stiffness and
yield stress is studied and the model output is compared to experimental data of various silica spherical
nanoparticle/polymer composites extracted from the literature. The model is also used to examine the
inﬂuence of interphase features on the overall nanocomposite behaviour. A ﬁnite element analysis is then
achieved and the numerical results are validated using the analytical predictions. Local stress and strain
distributions are analysed in order to understand the phenomena occurring at the nano-scale.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
In order to improve the mechanical properties of polymers, a
second phase is traditionally added. Over the past 30 years, consid-
erable effort was focused on traditional composites in which the
second phase characteristic length lies in the micrometer range.
More recently, nanocomposites designed by incorporating nano-
sized second phase into polymers have attracted a lot of attention
due to the new extraordinary opportunities that such materials of-
fer. Silica is among the most applied nanoﬁllers in polymer com-
posites. Various investigations reported that mechanical
properties of silica particle/polymer nanocomposites are signiﬁ-
cantly enhanced even at very low particle volume fraction (see,
e.g., Ou et al., 1998; Wang et al., 2002; Wetzel et al., 2003).
Considerable effort has been focused on material elaboration
and morphological characterization. The mechanisms for mechan-
ical properties enhancement are however not fully solved. Predic-
tive tools for nanoparticle/polymer composites taking into account
the actual nanostructure have yet to be developed to understand
the relation between nanostructure and nanocomposite behaviour.
This may play a signiﬁcant role in the development of such mate-
rials by providing detailed informations for their design. Conven-ll rights reserved.
+33 328767301.
ïri).tional micromechanical analytical models (Mori and Tanaka,
1973; Halpin and Kardos, 1976), widely used for usual composites
with micro-sized reinforcements, were recently used to predict the
overall stiffness of nanocomposites. These conventional theories
consider that the overall mechanical properties of composite mate-
rials are functions of constituent properties, constituent volume
fraction, inclusion shape ratio and state of dispersion, but are not
size dependent. Computational modelling techniques based on
molecular (Smith et al., 2003; Odegard et al., 2005) or continuum
mechanics (i.e., ﬁnite element analysis) (Bondioli et al., 2005;
Cannillo et al., 2006; Saber-Samandari and Afaghi-Khatibi, 2007)
approaches were recently used to investigate nanocomposite
systems.
In the remainder of the introduction, literature results regarding
parameters having a signiﬁcant impact on the overall mechanical
properties of silica nanoparticle/polymer composites are
summarized.
1.1. Particle volume fraction and particle size
In general, the addition of silica nanoparticles to a polymer ma-
trix produces an increase in the elastic modulus as compared to
that of the neat polymer. The elastic modulus tends to increase
as a function of particle volume fraction. This increase is not al-
ways linear. Moreover, there may exist a critical volume fraction
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Kontou and Anthoulis (2007)).
Consensus has not been reached yet on the primary reason why
nanocomposites exhibit strikingly different mechanical properties,
as compared to microcomposites. One of the main reason which is
invoked refers to the much larger interfacial area in the former case
at constant ﬁller volume fraction. An increase in the elastic modu-
lus as the particle size decreases is generally observed when a good
particle–matrix adhesion is ensured (see for example Bondioli et al.
(2005) for silica nanoparticle/epoxy composites).
Similar trends are also observed regarding the yield stress of sil-
ica nanoparticle/polymer composites (Reynaud et al., 2001; Voros
and Pukanszky, 2002).
1.2. Nanoparticle/matrix interface
Focusing on interfacial properties, various investigations have
analysed the effects of nanoparticle surface chemical treatment
on the interfacial characteristics between the two phases and con-
sequently on the stiffness enhancement. For instance, the work of
Avella et al. (2004a,b) on silica nanoparticle/polycaprolactone
composites evidenced a signiﬁcant improvement in the elastic
modulus with functionalised nanoparticles as compared to un-
treated nanoparticles. Using molecular dynamics (MD) simula-
tions, Odegard et al. (2005) studied silica nanoparticle/polyimide
composite systems (containing 1.7% particle volume fraction) un-
der various interfacial functionalisation conditions. A weaker stiff-
ness value than that of the polyimide matrix was predicted for the
nanocomposite. Moreover, a decrease in polymer density around
the nanoparticles was pointed out by the simulations.
1.3. Perturbed region around nanoparticles
The polymer in the vicinity of the nanoparticles is generally
considered as exhibiting distinct properties from those of the bulk
matrix. The elastic modulus of the perturbed region was identiﬁed
from a comparison between MD and Mori–Tanaka predictions by
Odegard et al. (2005) for silica nanoparticle/polyimide composites.
It was found to be lower than that of the bulk matrix due to weak
particle–matrix interactions. The size of the perturbed region was
determined from MD simulation results. In another work, an elas-
tic modulus value close to that of silica was assigned to the per-
turbed region by Bondioli et al. (2005) for ﬁnite element (FE)
simulations of silica nanoparticle/epoxy composites. The thickness
of this perturbed region was ﬁxed as equal to the nanoparticle ra-
dius. The same assumptions for FE simulations of silica nanoparti-
cle/polycaprolactone composites were made by Cannillo et al.
(2006).
1.4. Nanoparticle dispersion
The state of dispersion of nanoparticles into the polymer matrix
plays a signiﬁcant role on the mechanical properties of the com-
posite. Various methods (SEM, TEM, etc.) can be used to evaluate
the nanoparticle dispersion in the composite. In practice, it is
rather difﬁcult to disperse the nanoparticles while retaining their
original ﬁller size. The nanoparticles tend to agglomerate, the latter
process being strongly volume fraction dependent (Ou et al., 1998;
Wu et al., 2002; Kontou and Anthoulis, 2007). As pointed out by
Reynaud et al. (2001), who studied silica nanoparticle/nylon-6
composites with different particle size (12, 25 and 50 nm), small
particle sizes promote nanoparticle aggregation. The interfacial
interaction between polymer matrix and nanoparticles is also an
important parameter. Indeed, a uniform dispersion can be achieved
if the nanoparticles are functionalised (Avella et al., 2004a,b). From
MD simulations, Smith et al. (2003) demonstrated that weak inter-actions between polymer matrix and nanoparticles promote nano-
particle aggregation, whereas better polymer–nanoparticle
interactions promote dispersion of the nanoparticles. Nanocom-
posite processing itself (melt mixing, in situ polymerization, etc.)
has also a direct inﬂuence on the nanoparticle distribution inside
the polymer matrix.
1.5. Polymer matrix
A wide variety of matrix were used to prepare silica nanoparti-
cle/polymer composites such as polyoleﬁnes (Rong et al., 2001; Wu
et al., 2002), polystyrene (Kontou and Anthoulis, 2007), polycapro-
lactone (Avella et al., 2004a,b; Cannillo et al., 2006), polyimide (Ab-
bate et al., 2004; Wang et al., 2006), nylons (Ou et al., 1998;
Reynaud et al., 2001; Garcia et al., 2004; Shen et al., 2004) and
epoxies (Wang et al., 2002; Wetzel et al., 2003; Bondioli et al.,
2005). The nature of the polymer matrix (crystalline or amor-
phous) has a signiﬁcant effect on the interaction between the
nanoparticles and matrix. Since this interaction plays an important
role on the development of the perturbed region surrounding the
nanoparticles, it signiﬁcantly acts on the whole behaviour of nano-
particle/polymer composites. The addition of silica nanoparticles to
a semi-crystalline polymer has nearly no effect on the crystallinity
of the polymer (Reynaud et al., 2001; Rong et al., 2001; Jordan
et al., 2005). One can also mention that the mismatch in modulus
between the silica nanoparticles and the matrix affects the stiff-
ness enhancement. Moreover, as exhibited by Smith et al. (2003)
fromMD simulations, the properties of nanoparticle/polymer com-
posites are strongly inﬂuenced by polymer molecular weight.
1.6. Summary and scope of the present work
The above review provided a short description of the different
parameters that play a key role on the overall nanocomposite
behaviour. The interfacial characteristics have a signiﬁcant effect
on mechanical property enhancement. Moreover, the size and stiff-
ness of the perturbed region depend on matrix properties as well
as on interfacial strength. Since the small dimension of nanoparti-
cles leads to a dramatically larger volume of perturbed region as
compared to the microcomposite situation, this matrix fraction
surrounding the nanoparticles, seen as an interphase, plays a sig-
niﬁcant role when dealing with nanocomposites. Therefore,
addressing the question of interphase is therefore of prime impor-
tance in any modelling approach of such materials.
In the following, a micromechanics-based analytical model that
accounts for the role of nanoparticle size, interphase and volume
fraction on the stiffness and yield stress of silica particle/polymer
nanocomposites is presented. An approach integrating the thick-
ness of the interphase as a characteristic length scale is used. In
order to better understand the mechanisms occurring at the
nano-scale, FE simulations were performed. The paper is organized
as follows. The micromechanical analytical model is presented in
Section 2. Section 3 introduces details on the FE modelling. Results
and discussion are given in Section 4. A parametric study is per-
formed in order to understand the respective role of key parame-
ters (nanoparticles size, interphase features, etc.) on the overall
nanocomposite behaviour. In Section 5, concluding remarks are
provided.
2. Micromechanical analytical model
Throughout this section, the double-dot symbol ‘‘:” represents
the contraction between a fourth-order tensor and a second-order
tensor, while the symbol ‘‘.” represents the multiplication between
two fourth-order tensors. Moreover, the bold-face letters indicate
tensors.
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cluded in the modelling as a third phase. Then, the micromechan-
ical model includes an interphase centered at the center of the
nanoparticle as shown in Fig. 1. The silica nanoparticles (designed
as medium P with the elastic stiffness tensor CP) and surrounding
interphases (designed as medium I with the elastic stiffness tensor
CI) are assumed to be randomly dispersed in the polymer matrix
(designed as mediumMwith the elastic stiffness tensor C0). It is as-
sumed that the three phases are isotropic, homogeneous and per-
fectly bonded to each other. R deﬁnes the entire inclusion medium
including both the nanoparticle and the interphase. /P/R and /I/R
deﬁne the volume fraction of nanoparticle and interphase inside
the inclusion, whereas /R deﬁnes the volume fraction of inclusions
in the nanocomposite.
The generalized constitutive equation of the equivalent homo-
geneous medium is given by the following relationship:
r ¼ C : ee ¼ C : ðe epÞ ð1Þ
where C is the linear-elastic stiffness tensor, r and e are the ensem-











where r and e are the microscopic stress and strain tensors, respec-
tively. The superscript i refers to total, elastic (e) or plastic (p) com-
ponents of strain tensor.
In the remaining part of this section, the expression of the over-
all elastic stiffness tensor and the overall yield function of nano-
composites are successively presented.
2.1. Elastic stiffness of nanocomposites
The three governing constitutive equations for linear elastic
composites can be written as (Ju and Chen, 1994):
r ¼ C : ee ¼ C0 : ee  /Re 
ee ¼ e0 þ /RS : e ¼ Iþ /RS : TR
 
: e0
e ¼ TR : e0
ð3Þ
where S is the fourth-order Eshelby tensor, I is the fourth-order
identity tensor, e0 ¼ C0
1
: r0 is the far-ﬁeld strain (r0 is the applied
far-ﬁeld stress) and e is the eigenstrain tensor for the entire inclu-
sion medium R in terms of the fourth-order tensor TR (Liu and Sun,
2005):
TR ¼ /P=RTP þ /I=RTI ð4ÞFig. 1. Schematic visualization of a composite material containing randomly located
interphase (right).where TP and TI are two fourth-order tensors deﬁned, according to
the double-inclusion method of Hori and Nemat-Nasser (1993), by:
TP ¼  ðSP þ APÞ þ DS: SP  /P=R=/I=RDSþ AI
 1




TI ¼  DSþ SP þ AP
 
: SP  /P=R=/I=RDSþ AP
 1
: SP  /P=R=/I=RDSþ AI
 1
ð6Þ
In Eqs. (5) and (6), DS corresponds to the difference SR  SP where
SR and SP are the fourth-order Eshelby tensors for the medium R
and P, respectively. Since the interphase has the same spherical
shape as the nanoparticle, DS = 0 (SR = SP = S) and the two fourth-
order tensors TP and TI are expressed as:
TP ¼ ðSþ APÞ1 and TI ¼ ðSþ AIÞ1 ð7Þ
where AP and AI are two fourth-order mismatch tensors deﬁned by:
AP ¼ ðCP  C0Þ1:C0 and AI ¼ ðCI  C0Þ1:C0 ð8Þ
The explicit expression of the overall elastic stiffness tensor of the
nanocomposite is then given by:
C ¼ C0: I /RTR: /RS:TR þ I
 1 
ð9Þ
The components of Eshelby tensor S for an isotropic spherical par-
ticle in an isotropic matrix are given in Appendix A.
The interphase thickness can be considered as a characteristic
length scale of silica nanoparticle/polymer composites. Conse-
quently, one can explicitly introduce in the micromechanical mod-
el the effect of nanoparticle size on the overall nanocomposite
behaviour by expressing the volume fraction of the interphase in-
side the inclusion as follows:






where e is the interphase thickness and rP is the nanoparticle radius.
The changes in molecular structure of the perturbed region
around nanoparticles are expected not to be uniform (see, e.g.,
Berriot et al., 2002, 2003; Odegard et al., 2005). Therefore, we
assumed that the perturbed region undergoes a gradual transition
from the properties of the silica to the properties of the polymerspherical nanoparticles (left) and a spherical nanoparticle coated with a graded
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the following conditions:
EIðrPÞ ¼ EP and EIðrRÞ ¼ EM ð11Þ
where EP and EM are the elastic moduli of the nanoparticle and ma-
trix, respectively, rR is the entire inclusion radius. The Poisson’s ra-
tio mI of the interphase is assumed to be uniform and it is taken
equal to that of the matrix.
As illustrated by Fig. 1, we have modelled the interphase as a
shell structure. The interphase is divided into several layers and





EM þ rR  rie
 b
EP  rRrP EM
 	
ð12Þ
in which ri is a variable in the range of rP 6 ri 6 rR and b is a param-
eter depending on interfacial characteristics and thus on the bond
strength between the two phases. Fig. 2 shows the inﬂuence of b
on the variation of the elastic modulus inside the interphase. The
higher b value corresponds to a weak bonding between the two
phases whereas the lower b value can be associated to a stronger
bond between the two phases in relation to a surface chemical
treatment of the nanoparticle.
The fourth-order tensor TR in Eq. (4) is now expressed as:








where N corresponds to the total number of layers in the inter-
phase, /I=Ri deﬁnes the volume fraction of the layer i inside the
entire inclusion medium and AIi is the fourth-order mismatch ten-
sor of the layer i expressed in terms of the elastic stiffness ten-
sors CIi and C
0.
2.2. Yield function of nanocomposites
Let us now consider the initial yield of nanocomposites. The
nanoparticle and interphase mechanical behaviours are assumed
to be purely elastic. The microscopic stress r(x) at any point x in
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Fig. 2. Effect of b parameter on the interphase stiffness function of the distance to
the particle surface.where ry is the initial yield stress of the matrix material and Id is the
deviatoric part of the fourth-order identity tensor I.
The overall yield function of nanocomposites is derived accord-
ing to the ensemble-volume averaging procedure proposed by Ju
and Sun (2001). We note H = r:Id:r the square of the stress norm
at a local matrix point x. Following Ju and Sun (2001), the ensem-
ble-volume averaged stress norm can be written as:
H ¼ r0 : B : r0 ð15Þ
in which B is a fourth-order tensor written as follows:
Bijkl ¼ Bð1ÞIK dijdkl þ Bð2ÞIJ dikdjl þ dildjk
  ð16Þ
where Bð1ÞIK and B
ð2Þ
IJ are given in Appendix B.
Note that the derivation of relation (15) is based on the assump-
tion that all nanoparticles are uniformly dispersed in the matrix
material. Moreover, the interactions between nanoparticles are
neglected.
The far-ﬁeld stress r0 and the ensemble-volume averaged stress
r are related by the following relationship:
r0 ¼ P : r ð17Þ
where P is a fourth-order tensor given by:
P ¼ Iþ /RðS IÞ:TR
h i1
ð18Þ
Therefore, by combining relations (14), (15) and (17), the overall
yield function of nanocomposites can be given by:








 ry 6 0 ð19Þ
If /R = 0 only the matrix exists and the criterion (14) is recovered.
3. FE model
The efﬁciency of FE simulations to investigate nanocomposite
systems was recently demonstrated (Bondioli et al., 2005; Cannillo
et al., 2006; Saber-Samandari and Afaghi-Khatibi, 2007). In order to
understand the phenomena occurring at the nano-scale, axisym-
metric FE analyses were performed.
The behaviour of silica particle/polymer nanocomposites is
examined using axisymmetric representative volume element
(RVE), assuming that the nanostructure is periodical. As shown
in Fig. 3a, this model is an approximation of a periodical distri-
bution of three-dimensional hexagonal cells (Tvergaard, 1982).
Due to the symmetry considerations, only one-fourth of the axi-
symmetric RVE is used in the simulations (Fig. 3b). Periodical
boundary conditions of the RVE are imposed by the necessity
that the cylindrical RVE has to remain a straight cylinder during
deformation. The other boundary conditions used at the edges of
the RVE are:
uz ¼ 0 along the axis z ¼ 0
ur ¼ 0 along the axis r ¼ 0
uz ¼ U along the axis z ¼ R
ð20Þ
where uz and ur correspond to displacements along the directions z
and r, respectively. At the upper boundary (z = R) a uniform dis-
placement U was prescribed in z-direction.
The FE simulations were conducted using the software
MSC.Marc. The FE mesh of the axisymmetric RVE is given in
Fig. 3c. To model the interphase, the nanoparticle is coated with
a third phase. A perfect bonding is assumed between the phases.
Quadrilateral elements with four nodes were used to mesh the ma-
trix, the nanoparticle and the interphase. A relatively ﬁner mesh is
used around the interfaces. The element size was chosen so that




















Fig. 3. FE model: (a) hexagonal RVE approximated by a cylindrical RVE, (b) two-dimensional idealisation of the problem and (c) FE mesh.
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4.1. Analytical approach
4.1.1. Role of particle size
A sensitivity study was performed in order to investigate the
role of particle size on the overall nanocomposite behaviour. The
Young’s modulus and Poisson’s ratio of the matrix material and
particles were EM = 2 GPa, EP = 88.7 GPa, mM = 0.4 and mP = 0.23. It
was initially assumed that the interphase is a homogeneous region
with uniform properties. A Young’s modulus EI of 10  EM was as-
signed to the interphase whereas its Poisson’s ratio mI was taken
equal to that of the matrix. Unless otherwise stated, these values
are also used in the remaining part of the study. Moreover, in thefollowing ﬁgures the overall properties are normalized to the ma-
trix properties.
The overall elastic modulus of the nanocomposite is plotted as a
function of particle size in Fig. 4a. The coupled effect of interphase
thickness and particle size can be clearly seen. For a given inter-
phase thickness, the smaller the particle size is, the higher is the
overall elastic modulus. As the nanoparticle size increases, the
overall elastic modulus asymptotically decreases. This is due to
the reduced inﬂuence of the interphase. Beyond a particle radius
of about 100 nm and whatever the interphase thickness, the over-
all elastic moduli converge towards the constant value obtained for
a composite with no interphase. A similar trend is found for the
yield stress as shown in Fig. 4b. This result shows that taking into
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Fig. 4. Effect of particle radius and interphase thickness on the overall: (a) elastic modulus and (b) yield stress.
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tical particle volume fraction.
The response of nanocomposites under axisymmetric loading
condition is also examined. In this case, r11 > 0, r22 ¼ r33 > 0
and rijði–jÞ ¼ 0. Fig. 5 presents the inﬂuence of particle size on the
overall initial yield surfaces in terms of the normalized overall
effective and hydrostatic stresses. The effective yield stress in-
creases upon decreasing particle size, whereas the hydrostatic
yield stress simultaneously decreases. Note that the overall yield
surface is triaxiality dependent although the matrix was assumed
to be hydrostatic pressure independent. Consequently, one may
conclude that this is due to the presence of nanoparticles.
4.1.2. Role of interphase modulus and interphase thickness
As shown in Fig. 6a, when the interphase elastic stiffness in-
creases, the overall elastic modulus increases up to a threshold va-
lue depending on interphase thickness. If the interphase is softer
than the matrix, the overall nanocomposite stiffness is found to
be weaker than that of the matrix. In this case, the stress transfer
mechanism at the interfaces is not effective. This is consistent with
the MD results obtained by Odegard et al. (2005) on silica nanopar-
ticle/polyimide composites. As shown in Fig. 6b, the interphase
thickness has also a signiﬁcant effect on the overall elastic modu-
lus. Indeed, the higher the interphase thickness is, the better is the

























Φ P  = 5%
e = 10nm
Fig. 5. Particle size effect on the overall initial yield surfaces.these ﬁgures, the inﬂuence of the interphase elastic modulus
seems to be less prominent than that of the interphase thickness.
Note that similar trends were found for the overall yield stress
evolution.
The model is then compared to experimental results extracted
from the papers of Abbate et al. (2004), Wang et al. (2006), Garcia
et al. (2004) and Shen et al. (2004). In the paper of Abbate et al.
(2004), the matrix was polyimide and the nanoparticle size was
in the range of 40–100 nm. The state of dispersion of the nanopar-
ticles was not indicated by the authors. In the paper of Wang et al.
(2006), the matrix was also polyimide. Neither nanoparticle size
nor dispersion state of nanoparticles were provided by the authors
as well. In the papers of Garcia et al. (2004) and Shen et al. (2004),
the matrix was nylon-6 and the primary nanoparticle size were 30
and 80 nm, respectively. In the study of Shen et al. (2004), accord-
ing to SEM observations, the silica particles are well dispersed in
the nylon-6 matrix. As revealed by TEM observations, it is no long-
er the case in the work of Garcia et al. (2004). The overall elastic
modulus of the silica particle/polymer nanocomposites is plotted
as a function of the reinforcement content in Fig. 7. Note that the
nanoparticle weight fraction (available in the papers) was con-
verted into volume fraction by using a nanoparticle density of
2.65 g/cm3. The overall elastic modulus increases nearly linearly
as a function of ﬁller content. However, for the data of Abbate
et al. (2004) and Garcia et al. (2004) a slight change in the modulus
evolution occurs for high particle volume fraction. This can be
attributed to the change in the state of dispersion of the nanopar-
ticles, i.e., aggregation may be promoted. The model predictions
(considering two-phase composites) signiﬁcantly underestimate
the experimental data. Therefore, special attention is paid to the
inﬂuence of the interphase between the polymer matrix and nano-
particles. Uniform properties within the interphase are still as-
sumed. The elastic modulus and the thickness of the interphase
are the two unknown parameters which are identiﬁed using the
least-squares method. When including the interphase in the mod-
elling, a quite good agreement is obtained between experimental
data and predicted values at low particle volume fraction. Never-
theless, a trend of stiffness levelling off is highlighted by experi-
mental data indicating that there exists an optimal value of the
particle volume fraction in the enhancement effects. Unfortu-
nately, the analytical model does not account for such a behaviour
and predicted values strongly and monotonically increase as a
function of particle volume fraction. Consequently, for high particle
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Fig. 7. Comparison between the analytical predictions and the experimental elastic modulus of various silica particle/polymer nanocomposites: (a and b) polyimide and
(c and d) nylon-6 matrix.
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Let us now focus on the graded properties of the interphase. The
effect of number of layersN in the interphase on the elasticmodulusis illustrated in Fig. 8a. These curves show that the elastic modulus
rapidly increases up to a certain number of layers N and then satu-
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experimental - treated particles
experimental - untreated particles
prediction (e = 75nm. β = 0.01)
prediction (e = 30nm. β = 100)
EM = 0.265GPa
rP = 75nm
Fig. 10. Comparison between the experimental elastic modulus of nanocomposites
with treated and untreated silica nanoparticles (Avella et al., 2004a,b) and the
analytical predictions.
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mal value for interphasediscretizationand this valuewasused in the
remaining study.
Under axisymmetric loading, the effect of b parameter on the
overall initial yield surfaces is displayed in the normalized effective
and hydrostatic stresses space in Fig. 9. Upon decreasing b value
the effective yield stress increases and simultaneously the hydro-
static yield stress decreases. However, the b parameter has a higher
inﬂuence on the yield point for hydrostatic stress.
It is also interesting to illustrate these features with experimen-
tal data. Fig. 10 shows the model predictions and experimental
data for the overall elastic modulus of silica nanoparticle/polycap-
rolactone composites that were investigated by Avella et al.
(2004a,b). The nanoparticle size ranged from 100 to 200 nm. A very
low improvement of the overall elastic modulus was pointed out
when untreated silica nanoparticles are used. In this case, due to
a weak bonding between the two phases, the contribution of nano-
particles in the deformation process is insigniﬁcant. On the con-
trary, for treated silica nanoparticles, the increased overall elastic
modulus is the result of a better bonding between the two phases
which enhances the efﬁciency of stress transfer. The SEM observa-
tions of Avella et al. (2004a,b) show that treated silica nanoparti-
cles are homogeneously dispersed into the matrix whereas
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rP = 20nm 
Fig. 9. Effect of b parameter on the overall initial yield surfaces.with experimental values of the overall elastic modulus is obtained
with b = 0.01 and e = 75 nm for treated nanoparticles and, b = 100
and e = 30 nm for untreated nanoparticles. Functionalised nano-
particles lead to higher interphase thickness and lower b value.
Note that a reasonable agreement was found with the experi-
mental data of Fig. 7 for b = 0.1 whatever the nanocomposite
system.
In Fig. 11, the predictions of the model are compared to exper-
imental yield stress of polyethylene (Voros and Pukanszky, 2002)
and nylon-6 (Reynaud et al., 2001) matrix composites containing
silica particles with various sizes. The particle size was in the range
of 10–3600 nm for silica particle/polyethylene composites and 12–
50 nm for silica particle/nylon-6 composites. The yield stress
strongly increases with the particle volume fraction and a good
agreement between the model and experimental data is pointed
out in all cases. The properties of the interphase have a strong
inﬂuence on the composite yield stress. When the particle size is
relatively small, the interphase stiffness may be controlled by rela-
tion (12). Indeed, in these cases, the optimal b value is 0.01, indi-
cating that the interphase stiffness is close to the particle elastic
modulus. For the largest particle size, relation (12) does not work
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Fig. 11. Comparison between the analytical predictions and the experimental yield stress of (a) silica particle/polyethylene composites (Voros and Pukanszky, 2002) and (b)
silica particle/nylon-6 composites (Reynaud et al., 2001).
Table 2
FE results of overall elastic modulus in comparison with analytical predictions with
interphase (/I/R = 0.4).
Volume fraction (%) FE Analytical Differences gap (%)
2 1.0749 1.0671 0.734
5 1.2007 1.1756 2.128
10 1.4840 1.3814 7.422
1724 S. Boutaleb et al. / International Journal of Solids and Structures 46 (2009) 1716–1726reasonable representation. In this case, the interphase modulus
was found to be lower than that of the polymer matrix. Comparing
the interphase features, a change in the deformation processes
with particle size is pointed out. Indeed, since a strong interphase
was found for small particles, it seems that shear yielding is the
dominant deformation mechanism while debonding is favoured




FE analyses based on axisymmetric RVE were performed. A uni-
form axial tensile loading was applied to RVE and, the elastic mod-
ulus was derived from the numerical stress–strain data. FE results
are compared with analytical results in Tables 1 and 2. FE data are
very close to the micromechanical analytical approach. However,
the difference between the two methods increases with the in-
crease of the particle volume fraction. Moreover, the difference is
higher when the nanoparticle is coated with the interphase.
In order to investigate the effect of interphase features on the
local stress distribution around the particle, FE analyses were per-
formed. The interphase features and elastic properties used in
Fig. 10 were employed as inputs for the FE simulations. The calcu-
lations were carried out both for b = 0.01 (e = 75 nm) and b = 100
(e = 30 nm). Fig. 12 depicts the stress distribution around the par-
ticle for the two b values. The interphase features strongly inﬂu-
ence the stress ﬁeld. Moreover, a small value of b increases the
stress transfer in the particle.
4.2.2. Yield initiation
The analysis in Section 4.1 showed that the interphase features
modify the overall yield stress of the composite; the deformation
mechanisms are expected to be changed. The effect of interphase
features on matrix yielding is examined via FE analysis based onTable 1
FE results of overall elastic modulus in comparison with analytical predictions.
Volume fraction (%) FE Analytical Differences gap (%)
2 1.0440 1.0425 0.139
5 1.1185 1.1094 0.813
10 1.2671 1.2302 3.003axisymmetric RVEs. The FE calculations were carried out with
interphase features and mechanical properties used in Fig. 11b. It
was assumed that interphase is purely elastic. A value of 50 MPa
was used for the yield stress of the nylon-6 matrix. Fig. 13 presents
the plastic strain distribution for two cases (b = 0.01 and EI = 0.2EM)
when the overall yield begins. In the case of a hard interphase
(Fig. 13a), matrix yielding is initiated both at 45 and at a certain
distance from the pole of the inclusion. The plastic deformation
ﬁeld is completely modiﬁed in the case of a soft interphase
(Fig. 13b). Matrix yielding develops at the pole and strain magni-
tude decreases.
5. Conclusion
The inﬂuence of structural characteristics on the overall behav-
iour of silica spherical nanoparticle/polymer composites was
investigated by means of analytical and FE methods. It was shown
that the interphase, introduced as a third phase around the nano-
particles in the modelling, is a dominant parameter controlling the
overall nanocomposite behaviour. Since the polymer matrix is ex-
pected to be constrained in the vicinity of the nanoparticle, due to
changes in molecular structure, it was assumed that the interphase
presents a graded modulus, ranging from that of the silica to that of
the polymer matrix.
Such an assumption seems reasonable in view of some experi-
mental evidences, though not strictly related to the local mechan-
ical response. Indeed, high resolution solid-state NMR experiments
provide insights into the existence of mobility gradients in nano-
composites (see, e.g., Berriot et al., 2002, 2003). Even more con-
vincing, experimental data in the case of silica nanoparticle ﬁlled
elastomers point at variations in the glass transition temperature
as a function of the distance to the particle.
The change in elastic modulus in the interphase was described
by a power law introducing a parameter linked to interfacial
Fig. 12. Stress distribution in the axisymmetric RVE subjected to tensile loading (loading direction ?): (a) b = 0.01 (and e = 75 nm) and (b) b = 100 (and e = 30 nm).
Fig. 13. Plastic strain distribution in the axisymmetric RVE subjected to tensile loading (loading direction ?): (a) b = 0.01 (and e = 4 nm) and (b) EI = 0.2EM (and e = 3 nm).
S. Boutaleb et al. / International Journal of Solids and Structures 46 (2009) 1716–1726 1725features. The inﬂuence of particle size and interphase features on
the overall nanocomposite behaviour was theoretically studied in
detail. To illustrate the capability of the present approach, compar-
isons between the model and available experimental data were
conducted and a quite good agreement was pointed out. The effect
of interphase features was also investigated via FE analysis and sig-
niﬁcant changes on the local stress and strain distribution were
highlighted.
Such an approach is now being applied to model the post-
yield behaviour and to analyse the plastic ﬂow beyond the yield
stress.Appendix A
For an isotropic spherical particle and an isotropic matrix, the
components of Eshelby tensor S are (Eshelby, 1957):
S1111 ¼ S2222 ¼ S3333 ¼ 7 5mM15ð1 mMÞ ðA1Þ
S1122 ¼ S2211 ¼ S2233 ¼ S3322 ¼ S3311 ¼ S1133 ¼ 5mM  115ð1 mMÞ ðA2Þ
S1212 ¼ S2323 ¼ S3131 ¼ 4 5mM15ð1 mMÞ ðA3Þ
where mM is the Poisson’s ratio of the matrix.Appendix B




































































where DðgÞIJ and C
ðgÞ
IJ (g = 0, . . . ,N) are deﬁned by:
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with XII = kg  kM + 2(lg  lM).
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